I 0 = ζ(2), I 1 = 2ζ(3), I 2 = 9 2 ζ(4),
In the general case I n is equal to a linear combination of multiple zeta values ζ(s 1 , s 2 , . . . , s l ) = n 1 >n 2 >···>n l ≥1 1 n s 1 1 · · · n s l l of weight n + 2 with rational coefficients:
Theorem 1 For any integer n ≥ 0 the following identity holds:
.
Lemma 1 Let k and l be integers such that k ≥ 0, l ≥ 1. Then the identity
holds.
Proof. Denote the integral in the statement of the lemma by J. Consider the following series expansion:
x n 1 n 2 · · · n k+1 .
Substituting it into the integral, we get
Remark. After obtaining this result, it was found that the integral in the statement of the lemma can always be represented as a polynomial of several variables with rational coefficients in values of the Riemann zeta function at integers. The explicit formula is given in [1] :
The sum over t i is to be taken over all sets of integers {t i } (i = 1, . . . , p) which satisfy
and the sum over l i over all sets of integers {l i } (i = 1, . . . , p) which satisfy
Our result is shorter and looks more elegant, but the expression involving only ordinary zeta values is more classical. Combining both expressions for the integral we obtain the interesting Corollary 1 If m ≥ 2 and k ≥ 0, then the value ζ(m, {1} k ) can be represented as a polynomial of several variables with rational coefficients in values of the Riemann zeta function at integers.
Proof of Theorem 1. We have
Applying Lemma 1, we get
This is equivalent to the required assertion. 
